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The Relations between Volume Ratios and 
New Concepts of GL Constants 

Y. Gordon* M. Junge N.J. Nielsen^ 

Abstract 

In this paper we investigate a property named GL (p,q) which is closely related 
to the Gordon-Lewis property. Our results on GL(p, q ) are then used to estimate 
volume ratios relative to £ p , 1 < p < oo, of unconditional direct sums of Banach 
spaces. 


Introduction 


In this paper we investigate a property named GL (p,q), 1 < p < oo, 1 < q < oo, 
closely related to the Gordon-Lewis property GL, and the behavior of p-summing norms of 
operators defined on direct sums of Banach spaces in the sense of an unconditional basis. 
These results are then used to estimate the volume ratios vr(A, £ p ), 1 < p < oo, where X 
is a finite direct sum of finite dimensional spaces. 

A Banach space is said to have GL(p, q), 1 < p < oo, 1 < q < oo, if there is a constant 
C so that i q (T) < Ctt p (T*) for every hnite rank operator T from an arbitrary Banach space 
to X. Here 7i p denotes the p-summing norm and i q the (/-integral norm. This property was 
also considered by Reisner P? |, note however the slight difference in the notation: Our 
GL(p, q) corresponds to his q',p'-G L-space. 

We now wish to discuss the arrangement and contents of this paper in greater detail. 

In Section [I] of the paper we investigate the basic properties of GL(p, q) and prove 
some inequalities for p-summing operators, respectively (/-integral operators, defined on, 
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respectively with range in, a direct sum of Banach spaces in the sense of an unconditional 
basis. These inequalities are then used to prove that if (X n ) is a sequence of Banach 
spaces with uniformly bounded GL(p, g)-constants and A" is the direct sum of the X n ’s in 
the sense of a p-convex and g-concave unconditional basis, then X has GL(p, q) as well. 
More generally we obtain that if Y is a Banach space with GL(p, q ) and L is a p-convex 
and g-concave Banach lattice, then L(Y) has GL(p, g). K P (L) and K q (L) denote the 
p-convexity and q-concavity constants of L respectively. 

In Section we combine the results of Section |l] with those of 0 to obtain some 


estimates of volume ratios. One of our results, Theorem |2.5| , has the following geometric 
consequence: Let L be a p-convex and q-concave Banach lattice having an n-dimensional 
Banach space Y = (M n , || • ||) as an isometric quotient. Let 1 < p, q < oo, ^ ^ = 1, then 

there are n- dimensional linear quotients V v and V q of B^ p and Bg q respectively, so that 
V q C By C V p for which 


nil 

\v q \ 


< C\jp' gl p, q (L) < c\jp' K p (L)K q (L). 


If X is a hnite direct sum of rq ; -dimensional Banach spaces X^, 1 < k < m in the sense 
of a hnite 1-unconditional basis, then we prove that 


vr(X fc , 1 « vr(A, 4) 

k =1 

for 1 < p < oo, where n = J2Z=i n k- 


0 Notation and Preliminaries 


In this paper we shall use the notation and terminology commonly used in Banach space 
theory as it appears in |0|, |18|] [PJ and 


If A" and Y are Banach spaces, B(X,Y) (B(X) = B( A, A)) denotes the space of 
bounded linear operators from A to Y and throughout the paper we shall identify the 
tensor product X (g) Y with the space of cn*-continuous hnite rank operators from A"* to 
Y in the canonical manner. Further if 1 < p < oo we let n p (A", Y) denote the space 
of p-summing operators from X to Y equipped with the p-summing norm 7r p , I P (X, Y) 
denotes the space of all p-integral operators from A to Y equipped with the p-integral 
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norm i p and N p (X, Y ) denotes the space of all p-nuclear operators from X to Y equipped 
with the p- nuclear norm v p . We recall that if 1 < p < oo then an operator T is said 
to factor through L p if it admits a factorization T = BA , where A € B(X, L p {p)) and 
B £ B(L p (fj,), Y) for some measure /j and we denote the space of all operators from X to 
Y, which factor through L p by T p (X, Y). If T £ r p (X, Y) we define 

7 P (T) = inf{11^41111-B11 | T = BA , A and B as above}, 


7 P is a norm on r p (A", Y) turning it into a Banach space. All these spaces are operator 
ideals and we refer to the above mentioned books and ||13|| , H and |L4| for further details. 
To avoid misunderstanding we stress that in this paper a p-integral operator T from X to 
Y has a p-integral factorization ending in Y with i p (T) defined accordingly; in some books 
this is referred to as a strictly p-integral operator. 

In the formulas below we shall, as is customary, interpret as the operator norm and 
ioo as the yoo-norm. 

If n £ N and T £ B{1 21 X) then following |3lJ we define the Anorrri of T by 


£{T) = ( / \\Tx\\ 2 d^(x 


where 7 is the canonical Gaussian probability measure on £%■ 

A Banach space X is said to have the Gordon-Lewis property (abbreviated GL) [7] if 
every 1-summing operator from X to an arbitrary Banach space Y factors through L\. It 
is easily verified that A" has GL if and only if there is a constant K so that 71 (T) < Kn\ (T) 
for every Banach space Y and every T £ X* ® Y. I 11 that case GL(X) denotes the smallest 
constant K with this property. 

We shall say that X has GL 2 if it has the above property with Y = and we define 
the constant gl(Ai) correspondingly. An easy trace duality argument yields that GL and 
GL 2 are self dual properties and that GL(A") = GL(X*), gl(X) = gl(X*) when applicable. 
It is known [7] that every Banach space with local unconditional structure has GL. 

If A is a Banach space with a 1-unconditional basis (e n ) and (X n ) is a sequence of 
Banach spaces then we put 

OO OOOO 

(£w) E = {xenwi£ ||x(u)||e n converges in E} 

n= 1 n =1 n— 1 
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and if x G ( E^=i Af n ) we define 


x 


= | Y M n )\\ e r 


n= 1 


thus defining a norm on (E5 £Li^ti)e turning it into a Banach space. If X n = X for all 
n G N we put E(X) = (E£Li X n ) E . 

If (Y n ) is another sequence of Banach spaces and T n G B(X n ,Y n ) for all n G N with 
sup n \\T n \\ < oo then we dehne the operator ©£° =1 T n : (E n X n) E —> (lln=i Y n) E by 
(©“=1 ^ n )(x) = (T n x(n)). Clearly || ®“ =1 T n \\ < sup n ||T„||. 

We shall need a “continuous” version of the above direct sums so hence let A" be a 
Banach space and L a Banach lattice. If EJ=i x j 0 Uj Gl®I then it follows from [18 
Section I d)] that sup|| x «M <1 Ej=i x *( x j)Uj exists in L and we put 


Y, x i ® Vi 


3 = 1 


sup 

|x*[|<l j = i 


x *( x i)yj 


and dehne L(X) to be the completion of A" ® L equipped with the norm || • || m . Spaces of 
that type was originally defined and investigated by Schaefer [^D[; we refer to [|IIJ for the 
properties of L(X) needed in this paper. 

If 7i G N and X is an n-dimensional Banach space then we shall identify A" with 
(M n , || • ||x) by choosing a hxed basis of X and identifying it with the unit vector basis of 
M n , and Bx will denote the unit ball of X. Hence if B C X is a Borel set we can dehne 
the volume \B\ of B as the Lebesgue measure of B considered as a subset of M n . The 
volume function thus defined is uniquely determined up to a constant only depending on 
the chosen basis. 

Let X and Y be n-dimensional Banach spaces and let (xj)” =1 , respectively (y*) be hxed 
bases of X, respectively Y*. If T G B(X, Y) then we dehne the determinant of T by 


det T = det{y*(Txi)}. 

Up to a constant depending only on the chosen bases det T is uniquely determined. 

In the sequel, if A*, 1 < k < m are n/c-dimensional spaces with hxed chosen bases and 
n = En=i n k then we shall always identify II™=i with M" via the canonical basis of the 
product. 
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If X is a Banach space and E is an n-dimensional Banach space then we define the 
volume ratio vr (E,X), |j], || by 


vr (E, X) = inf { 


I Bi 


T £ B(X,E), ||T|| < l}. 


■\T(B x )\. 

When X = vr(£',£ 0O ) is called the ’’zonoid” ratio of E, and when X = vr (E, £ 2 ) is 

the well known classical volume ratio of E, see e.g. 

Similarly, 


JTH and the references therein. 


vr(E,S(X)) — inf { 


I B f 


\T(Bf)\ 


F C X, dim F = n, T(Bp) C Be}- 


When X = l p we set S p = S(£ p ). 

Finally, if A" and Y are Banach spaces and T £ B(X, Y ) then we define the n-th volume 
number v n (T) by 


v n (T) = sup{ 


( \T(B e )\ 
V \b f \ 


E C X , T{E ) C F C Y, dim E = dim F — n|. 


If rank(T) < n we put v n (T) = 0. Volume numbers or similar notions were discussed by 
i, [0, 0, |26|] and |0| . The main results on volume numbers we are going to use here 
can be found in IHI. 


1 The GL Property and Related Invariances 

We start with the following definition 

Definition 1.1 If 1 < p, q < oo then a Banach space X is said to have GL(p, q) if there 
exists a constant C so that for all Banach spaces Z and every T £ Z* <Z> X we have 


i q {T) < Ctt p (T*). 


( 1 . 1 ) 


If X has GL (p,q) then the smallest constant C which can be used in (|1.1|) is denoted 
by GL p (? (X). If A" satisfies the condition of Definition o for Z = £ 2 then we shall say that 
X has gl(p, q) and define the constant gl (A”) correspondingly. It was proved in Corollary 
(3.12) (I) that if X is a finite-dimensional Banach space, 1 < p, q < oo, and ^ ^ = 1 
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then 


vr(A',4)vr(A'-,V) < y gl p ,,(A). 

By factoring a given finite rank operator with range in X through its kernel it is readily 
seen that it is enough to consider finite dimensional spaces Z in Definition O- 

By trace duality arguments it is readily verified that if a Banach space X has GL (p, q) 
then A"* has GL (q',p'), and hence A"** has GL (p,q) as well. The other direction is part of 
the next lemma. 

Lemma 1.2 Let 1 < p, q < oo and let X be a Banach space. If a subspace Y of X** 
containing X has GL(p, q) then X has it as well with 

GL m (X) < GL p>q {Y). 

Proof: Let Z be a finite dimensional Banach space, Tg Z* ® X and e > 0 arbitrary. 
Let / denote the identity operator of A" into Y. Choose a finite dimensional subspace F, 
IT{Z) C F C Y, so that £ + i q (IT) > i q {IT : Z —> F). The principle of local reflexivity 
in, an, gives an isomorphism V : F —► X with ||P|| < 1+e and Vx = x for all x G FC\X. 
Since VIT = T we obtain 

i,(T) < \\V\\i,(IT : Z - F) 

< (1 + e)i q (lT) + (1 + e)e 

— (1 + e )GL Ptq (Y)7r p ( K T* I*) + (1 + e)e 

< (1 + £)lTp(T*) + (1 + £)£. 

Since e was arbitrary this shows that X has GL (p,q) with GL Pig (A") < GL p , q (Y). □ 


It follows immediately that X has GL(oo, q) for some q, 1 < q < oo (or dually has 
GL(p, 1) for some p, 1 < p < oo) if and only if it is finite dimensional. Obviously, since 
the GL-property is self-dual, X has GL if and only if it has GL(1, oo). 


The next theorem which is the result of the work of several authors, [11], [14], [If] and 


21], describes the situation for the remaining values of p and q. 


Theorem 1.3 If X is a Banach space, 1 < p, q < oo, then the following statements hold: 
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(i) If X has GL (p,q) then X has GL, X is of cotype max( 9 , 2) and X* is of cotype 
rnax(p', 2). If q < 00 and 1 < p < 00 , then X is of type min(2,p). 

(ii) If X has GL, 2 < q < 00 and B^L^^X) = II g (L 0O , A") then X has GL(l,g). 

(Hi) If X has GL and is of type p-stable for some p, 1 < p < 2, then there is a q, 
1 < q < 00 so that X has GL (p, q). 

(iv) If 1 < p < 00 then X has GL (p,p) if and only if X is either a C p -space or isomorphic 
to a Hilbert space. 

(v) Ifl<q<p<oo then X has GL (p,q) if and only if X is isomorphic to a Hilbert 
space. 

(vi) X has GL(oo, 00 ) (respectively X has GL(1, l)j if and only if it is a Coo-space (re¬ 
spectively a Ci-space). 

(vii) If X is a p-convex and q-concave Banach lattice then X has GL(p, q) with GL p q (X) < 
K p (X)K q (X). 

Proof: 

(i) Assume that X has GL (p, q). If T & Y* <g> X then 

71 cn = 7oo(T) < i q (T) < GL Ptq (X)i t p (T*) < GL p , q (X)m(T*) 
and hence X* and therefore also X has GL. 

If q is finite then X has property (S q ) of || and is therefore of cotype max(g, 2) by 
Theorem 1.3 there. Since X* has GL (q',p f ) it is of cotype max(p', 2). 

If q < 00 and 1 < p < 00 , then both X and X* are of finite cotype and since 
in addition X has GL it follows e.g. from ||. Theorem 1.9] that X is K -convex. 
Therefore X has type min(p, 2). 

(ii) Assume that X has GL and H q {Loo,X) = B(Loo,X) for some q, 2 < q < 00 with 
/T-equivalence between the norms and let C be the GL-constant of A". 

Let Z be an arbitrary finite dimensional Banach space and T e Z* ® X. Since X 
and hence also A"* has GL with constant C, there exists a measure /i and operators 
A e 5(A*,Li(/r)), B e Bihiii), Z*) with T* = BA and ||A||||5|| < CVi(T*). 
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Let e > 0 be arbitrary. Using the local properties of L 00 ( 11 ) we can find a finite 
dimensional subspace E C L 0O (^) with cl(E,£'^ aE ) < 1 + e and B*(Z ) C E, and 
hence i q (A* E ) < (1 + e)TT q (A* E ). By the principle of local reflexivity there is an 
isomorphism V : A*(E) —> X so that ||U|| < 1 + e and Vx = x for all x G A*(E) flA. 
Since clearly T = VA* E B* we obtain 

>,(T) < (l+£) 2 ||B|K(^y < A'(1+ £ ) 2 P||||B|| < AC(1 + £ )V(T*) 


and hence X has GL(l,g). 


(iii) Let X have GL and be of type p-stable for some p, 1 < p < 2. By |2T|] 7 iy (L^, A*) = 
B(Loo,X*) and X is of finite cotype so that there is a finite q with B(Loo,X) = 
7i q (L 00 , X). The hrst statement implies that Lli(X*, Z) = Yi p (X*, Z) for any Banach 
space Z and therefore X has GL (p,q) by (ii). 


(iv) Let 1 < p < 00 . By JTJ] X has GL (p,p) if and only if X is isomorphic to a com¬ 
plemented subspace of an L p -space, or equivalently |R| if and only if either X is a 
£p-space or isomorphic to a Hilbert space. 


(v) Let 1 < q < p < 00 . Since q > 1 it follows from [j3], Proposition 0.3] and its proof 
that there is a universal constant c so that if Z is a Banach space and T G Z* ® 
then -Aj=i q (T) < £(T*) < c^fp 1 r p (T*). This gives that has GL (p,q). 

If X has GL(p, q) then it has both GL (p,p) and GL (q,q) and hence it follows from 
(iv) that X is isomorphic to a Hilbert space. 


(vi) Assume that X is a U^A-space and let T G Z* (Z X, where Z is an arbitrary Banach 
space. By definition, there is a finite dimensional subspace E Cl with d(E, £^ nE ) < 
A and T(Z) C E. Hence 7oo(7") < A||T|| and X has GL(oo, 00 ). 


Assume next that A" has GL(oo, cxd). By using trace duality twice, we obtain that the 
identity operator of X** factors through an L 0 c - space and is therefore isomorphic to 


a complemented subspace of an Loo-space. It follows from |16[ that X** and hence 
A" is Loo-space. 


By Lemma [L2| X has GL(1,1) if and only if X* has GL(oo, 00 ) and the result follows 


by noting that A" is a £i-space if and only if X* is a Loo-space. 












(vii) Let Y be an arbitrary Banach space and T G Y* ® X. From B Theorem 1.3] 
or []r2[ it follows that there exists a factorization T = BA, where A G B(Y,L 00 ), 
B G B{Loo,X), B > 0 and ||A||||5|| < K p (X)n p (T*) ■ By a theorem of Maurey, 
see e.g. [18], Theorem l.d.10], B is ^-summing, with i q (B) = tt q (B) < K q (X)\\B\\. 
Hence, i q (T) < ||H||i 9 (£>) < K p (X)K q (X)n p (T*). The case p — 1, q = oo was hrst 
proved in 0, the general formula is contained in [Q up to trace duality. 


□ 


In the rest of this section we let E denote a Banach space with a normalized 1- 
unconditional basis {e 3 ) and biorthogonal system (e*). Our first result is a generalization 
of [p|, Theorem 1.18]. 


Theorem 1.4 Let ( X n ) be a sequence of Banach spaces, Z a Banach space, 1 < p < oo 
and T : X n ) E —> Z a p-summing operator. Put T n = T\ Xn for all n G N. 

If E* is p-convex then for all m gN 


£*p(2jh* <K p (E>p(T). 


1=1 


( 1 . 2 ) 


If, in addition, (e*) is boundedly complete or T n converges to T in the p-summing 
norm, then JffLi 7r p (T})e^ converges in E* and 


5>„(:Z>- <K p ,(E)K r (T). 


(1.3) 


1=1 


Proof: It is obvious that (|1.2| ) implies (|1.3|) under the additional assumptions, so let us 
concentrate on ( |1.2|) . 

Let e > 0 be given arbitrarily. For every n G N we can choose a hnite set cr n C N and 
{xi(n) | i G a n } C X n so that 


7r„(T„y < £ ||T^(n)||» + £.2-“, (1.4) 

i£cr n 

sup | ^2 |x*(a:j(n))| p | x* G X*, ||a:*|| < l| < 1. (1.5) 
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For every sequence (a n ) C M + U {0} and every m G N we obtain: 

m m 

E“»%(r») p < E E \\T(a'„ /p x,(n)r + E 

71= 1 71=1 zGtJn 


m oo 

<7r p (T) p sup{^a n ^ |(x*(n),x;(n))| p | x* G ( £ ^) B ., ||®*|| < l} + £ 

71= 1 zGtTn 71=1 

771 00 

< 7T p (r) p sup{ £ ||x»|| p a n £ I ( ,, f ,|, ,^(n))| p | x* G (E X n) E Jkl < l} 

71=1 lE<7 n 11 ^ \ /N 71=1 

m oo 

< tt p (T) p sup {J2 \\x*(n)\\ p a n | x* G ( 51 X n) E », l|x*|| < l}+£- (1.6) 


71=1 


71= 1 


Let E* p ^ denote the p-concavification of E* (see |L8| for details). If in (1.6) we take the 
supremum over all sequences (a n ) G ( E'E)* with ||(a n )|| < 1 and let £ —> 0 we get 


II 2>pP;)<ii p < (if»(B*))%(r)> 


(1.7) 


71=1 


which is (|1.2|). 


□ 


By the trace duality between the //-integral and the p-summing norms we obtain with 


the same notation as in Theorem 1.4: 


Corollary 1.5 Let E be q-concave for some q, 1 < q < oo, S G B(Z, (YfjLi Xj) E ) and 
denote by P n : Xj) E —> X n the canonical projection for all n G N. 

If iq(P n S)e n converges in E then 


i q {S ) < K q {E)\\ J2 i q (PnS)e n \\ E . (1.8) 

71=1 


The analogous result holds for g-nuclear operators. 

Proof: Let £ > 0 be arbitrary. For every n G N we can find a measure /i n , A n G 
B(Z,L q (n n )) and B n G B(L q (n n ) : X n ) so that i q (A n ) < i q (P n S ) + £ • 2 ~ n , \\B n \\ < 1 and 


P n S — B n A n . 

Let m G N and consider the g-integral operator YAn=\ A n : Z —> 
trace duality 0 we can hnd a g'-summing operator W : QC(T=i 


(E“=i^(^))e- By 
Lq(fJ, n ))E ->■ z with 
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' n q '(W ) = 1 so that with W n = W\L q (n n ) we have 

mm m 

i q (Yl An) < J2 tr ( w A n ) +£ < 53 n q '(W n )i q (A n ) +e 

n= 1 n =1 n =1 

m m 

< II 53MWn) e nll(ll 53 i q (P n S)e n \\ + e) + £ 

n —1 n =1 

m 

< K q (E) || 55 i q {P n S)e n II + e(K q (E) + 1) (1.9) 

n =1 

where we have used Theorem O] to get the last inequality. 

Formula ( |1.9|) shows that A n converges in the g-integral norm to an operator 

A : Z -> (En=i L q(m))e with 


i g (A) < K g (E) || 55 i q (P n S)e n || + e(l + K q {E)). 


( 1 . 10 ) 


n=1 


The operator B = €B™ = 1 B n : {E^=i L q {^ n ))e —> (X)^Li X n ) E is clearly bounded with 
||i?|| < 1 and S = BA. Hence S is (/-integral with 


i q (S) < K q (E)\\Y / i q (P n S)e n \\. (1.11) 

n= 1 

The statement on g-nuclear operators can be proved in a similar manner or by duality. □ 


The next theorem was originally proved by Reisner |^7j using other methods; we can 
also obtain it directly from Theorem [l7| and Corollary 


Theorem 1.6 Let 1 < p < q < oo and let (J„) be a sequence of Banach spaces all having 
GL (p,q) with M = sup{GL P:9 (A n ) | n G N} < oo. If E is p-convex and q-concave then 
(En=i X u)e has GL (p,q) with 

OO 

GL M ((55 X n ) E ) < MK p (E)K q (E). (1.12) 

71 = 1 
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Proof: Let Z be an arbitrary Banach space and T G Z* 0 {Y^=i^ti)e- Put S = 
T*^oo xt s ) . From Theorem |0| and Corollary |1.5| we obtain 

OO 

i q (T) < K q (E)\\J2h(PnT)e.n\\ 

n=l 

oo 

< MK q (E) || Y, MT*P:)e n || < MK*>(E)K q (E)ir p (S) 


n= 1 


< MKV(E)KJE)kJT'), 


(1.13) 


from which the statement directly follows. 


□ 


The case p — 1 and q — oo gives: 

Corollary 1.7 //( X n ) is a sequence of Banach spaces all having GL with M = sup{GL(A r! 
n € N} < oo then (X)^=i X n )e has GL with 


GL«y X n ) E ) < M. 


(1.14) 


n =1 


We now wish to generalize Theorem |L6] and its corollary to the space L(X), where L 
is a Banach lattice and X a Banach space. For this we need the following lemma on p- 
summing norms which might also be useful in other situations. Before we state it we need 
a little notation: If X and Y are Banach spaces, T e A"* 0 Y and F is a finite dimensional 
subspace of Y with T(X) C F then Tp denote the operator T considered as an operator 
from X to F. 

Lemma 1.8 Let X and Y be Banach spaces and T e A"* 0 Y. If 1 < p < oo and 
F is an upwards directed set of finite dimensional subspaces all containing T(X) with 
U{F | F G IF} = Y, then 


lim n p (T*) =n p (T*). (1.15) 

r 

Proof: We can without loss of generality assume that X is finite dimensional and let us 
also assume that 1 < p < oo; the case p = oo is easier and left to the reader. 

The net (n p (Tf)) is non-negative and decreasing and hence convergent to a, say; clearly 
7t p (T*) < a. 
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Let now e > 0 be arbitrary. Since rank(T^) = rank(T*) for all F it follows from || 
Theorem 5 and its proof] that we can find an m independent of F, so that n p (T F ) can 
be computed up to e using m vectors from F*. Hence for every F E F we can find 
{x* F | 1 < j < m} C X* so that 


m 


E 


II X *j,F 

II < 1 

for all 

1 <j< 

'j,F( x )\ 

p < 1 

for all 

x E F, 

I m 


\ 1 /p 


Ell 

T*x* f 

\\p ] > 


V=i 


J 



< i 


(1.16) 

(1.17) 

(1.18) 


(1.16) gives that there is a subnet (x* F ,) and an x* E X* so that {x* F ,) converges w* to x* 
for all j, 1 < j < m. Since U fc^F = Y, (1.17) gives that YfJL\ \x*(x)\ p < 1 for all x E Y, 
||x|| < 1. 

From the w*-continuity of T* it follows that ( T*x* F ,) converges w* to T*x* and therefore 
also in norm, since X is finite dimensional. Hence going to the limit in (1.18) we get 


i tv 


n p(T*) > ( £ \\T 
Vi =1 


x ,■ 


> a 


which implies that n p (T*) > a, since e was arbitrary. 


□ 


We are now able to prove: 

Theorem 1.9 Let 1 < p < q < cxo and let X be a Banach space with GL (p,q). If L is a 
p-convex and q-concave Banach lattice then L(X) has GL (p, q ) with 

GL p , q (L(X)) < GL p , q (X)K p (L)K q (L) (1.19) 


Proof: If the statement of the theorem has been proved for order complete Banach lattices, 
then since L** is order complete and L(X) C L**(X ) C L{X)** it follows from Lemma [L2| 
that L(X) has GL (p,q). It is therefore no restriction to assume that L is order complete. 

Let Z be a Banach space, T E Z* ® L(X) with ||T|| < 1 and e > 0 arbitrary. From 
Lemma |1.8| it follows that there is an n E N and an n dimensional subspace F C L(X) so 
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that T(Z) C F and 


VpiTp) < 7 t p (T*) +£. 


( 1 . 20 ) 


Let (uj)j =1 be an Auerbach basis, 0, of F with biorthogonal system (u*) C F*. By []T0| 


Lemma 2.15], and the order completeness of L there is an m e N, a set {e* | 1 < i < m} C L 
consisting of mutually disjoint positive vectors of norm 1 and {vj | 1 < j < n} C [ei](X) = 
Y (naturally considered as a subspace of L(X)) so that 


I Uj — Vj, 11 < — for all 1 < j < n. 


n 


If S — Y7n=\ u* ® Vj : F —> y, then for all w G F we have 


( 1 . 21 ) 


It 


- s'mII < 5Z IKIIIK--vj|| < e- 


3 =1 


Considering T — ST as an operator from Z to L(X) it has the representation 

n 

T-ST = Y. T ’ F v.)®(v. j ~v j ) 

3 =1 

and therefore 


( 1 . 22 ) 


(1.23) 


V\(T -ST) <J2 ||7Jii*||||m,- - i>,|| < e. 

3 = 1 


Applying Theorem [TTO and the previous inequalities we obtain 


(1.24) 


i q [T) < i,(5T)+i,(T-5T)<i,((5T) y )+i/ 1 (T-5T) 

< GL p , q (X)KP(L)K q (L)7T p ((ST)* Y )+e 

< GL Piq {X)K*(L)K q (L)\\S\\n p {TZ) + e 

< GL p , q (X)KP(L)K q (L)(l + £ ){ir p (T*) + e) + e. 


(1.25) 


From (|1.25|) we conclude that L(X) has GL(p, q) and since £ was arbitrary (|1.19|) follows. □ 


As a corollary we obtain 
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Corollary 1.10 Let X be a Banach space with GL and L a Banach lattice. Then L(X) 
has GL with 

GL(L(X)) = GL(X). 


2 Volume Ratios of Direct Sums of Banach Spaces 

In this section we shall use the results of Section |T| to compute volume ratios of certain 
direct sums of finite dimensional Banach spaces. Throughout the section we let m G N, 
n k £ N for all 1 < k <m, let E denote an m dimensional Banach space with a normalized 
1-unconditional basis (e k )™ =1 and biorthogonal system (e* k )™ =1 and let X k and Y k be Banach 
spaces with dim X k = dim Y k = n k for all 1 <k <m\ put n = Y^k=i n ki X = 
and Y = ( YJk=i ■ We wish to compute vr(A, £ p ) for 1 < p < oo, but before we can do 
that we need a few lemmas. 

Lemma 2.1 


I B x 

m | 

TT i 

B x k \ 

\B y \ 

- 11 

k= 1 

1 B Yh \ 


Proof: We will iteratively interchange the X k s by the Y k s. So, we define Z m _i = 
{J2k=i X k © Y m ) E . By choosing a basis in each of the involved spaces we may identify 
Xk, Y k respectively X, Y, Z m _\ with M nfc respectively in a canonical manner. Then we 
define r : M m_1 —>• M by 


m— 1 


Dm—1 


r(ti, t m - 1 ) = inf {t G M | || 51 t j e j + te m\\x = 1} for all (t u t 2 , ■ ■ ■ , t m - 1 ) G 

J=1 ( 2 - 1 ) 


For every x k G X k , 1 < k < m — lwe put 

^4(^1, %2, ■ ■ ■ , Xm- 1) = r(||xi||xi, ||^2 ||x 2 , • • • , ||^m-l||x m _i)^x„ 


( 2 . 2 ) 
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and consider M n = ITfcLi nk . With this notation we obtain 


B x I = 


= I B 


/ •••/ l Bx (x 1 ,...,x m )dx 1 ...dx m 

JR n l 

/ / / 1 A(n djX\ . . . dx m —\ 

./R«i |_./R™m 

'xj •••/ r (||^i||xi, • • •, ... dx m _\ (2.3) 

JR"™-! il"l 


Using the same calculation for Z m _! in (|2.3|) we get 


\Bz m -i\ = \B Ym \ I •••/ r(\\x 1 \\ Xl ,...,\\x m - 1 \\x rn _ 1 )dxi---dx m _ 1 

jR n rn-l J K«1 


and hence: 


B x | = 15 


15 




Zm— 1 I 


15- 


1 m 


The result now follows by iterating m- 


(2.4) 

□ 


Lemma 2.2 Let 1 < p < oo and for every 1 < k < m let T k e X k eg) £ 2 . IfT = ©)!Li T k £ 
X* ® £™(£ 2 ) i/ien 


x p {T) < Cy/p I! 7T p (T k )e* k < Cy/p K p >(E)n p (T) 


k =1 


(2.5) 


where c is a universal constant. 


Proof: The right hand side inequality (2.5) is formula (1.2). If 2 < p then it follows from 
Maurey’s extension theorem [|R| that every p-summing operator from an arbitrary Banach 


space to £ 2 is already 2-summing and x 2 (T) < Cy/p 1 t p (T) (see e.g. [^]). Therefore it 
suffices to prove (2.5) for 1 < p < 2. 

By the factorization theorem of Pietsch (see e.g. [|T7|) we can for every 1 < k < m hnd 
a Radon probability measure p k on B x * so that for every x k G X k , 


\\T k x k \\ < 7Tp(T fc )( J ^ \x* k (x k )\ p dp k (x* k )Y 
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Put B = nr=i Ex*, l l = nr=i Fk and r = YJk=i 7 T p (T k )e* k and let (r k ) denote the sequence 
of Rademacher functions on [0,1]. Since ( e * k ) is 1-unconditional the function / defined by 
f(t,x*) = t -1 (r k (t)7i p (T k )xl)™ =1 for all t G [0,1] and all x* = (x k ) G A"* maps [0, l]xB into 
B x * and hence du = [dt x dp] o f~ l is a probability measure on B x * (actually concentrated 
on the sphere). 


Since the cotype 2 constant of L p (/i) is majorized by y/2 for 1 < p < 2 (the constant 


m 


Khintchine’s inequality for p = 1, see [9J and |JU]), the following inequalities hold for every 
x = (xk) G X (putting x* = (x%) G A"*): 

m i m „ 21 

\\ Tx \\ = (E \\T k x k \\ 2 ) 2 < [Y, n p( T k) 2 { / \ x K x k)\ P d^(x*)) P Y 

k =l fc=i 

a l /* m i 

/ | 51 r k (t)TT k (T k )x* k (x k ) P d/i{;x*)dt s j p 

JB k =1 

rr*(a;)| p dz/(:r*)') p . ( 2 . 6 ) 

□ 


< 


= V2t 

This shows that T is p-summing with tt p (T) < c^Jp r for all 1 < p < oo. 


Lemma 2.3 For every 1 < k < m there exist a k > 0, f3 k > 0 so that 


E 

k =1 




= 1 


5 ( Pk^k 


k= 1 


and 

m 

nw^r 1 ) >»“”• 

fc=i 

Proof: Consider the space Z = (Z)feLi E , with its canonical 1-unconditional basis. 
Applying a result of Lozanovskii [|Rj on 1-unconditional bases (see Corollary 3.4 in ||26|| ) 
to Z we see that there exist numbers Tj k > 0 and aj k > 0 for 1 < k < m and 1 < j < n k 
so that if D t : ^ —> Z, respectively D a : Z —> are the diagonal operators determined 
by (Tjk), respectively (cr jk ), then: 

IPrll = 1 = \\Da\\] D T D a = -id Z . (2.7) 

n 
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If we for every 1 < k < m define 


n-k 


Oik ^ ] ©fci ftk H18X CTjki 

j _^ 


( 2 . 8 ) 


then 


Y oi k e* k = || A- 1 | = 1 = 11 D(j 11 = | Y $ kek 


k =1 


fc=i 


(2.9) 


From (2/?) we obtain for all 1 < k < m: 


1 / k \ — 1 - nk 

- = (n a j kT 3 k ) nk < 

\=1 ’ n k v “i ' ' i<j<n k 


n 


k < -(51 T j k ) SU P a jk = ~ a A 


1 

n k 


( 2 . 10 ) 


and hence 


< nKwi- 


fc=i 


( 2 . 11 ) 

□ 


Onr next lemma follows from 2 l| and Lemma EO 


Lemma 2.4 There is a universal constant c > 0 so that if T k e Xf. ® is as in 

Lemma \2. \ for 1 < k < m and T = ®™ =1 aikTk : A" —> Tf, then 

m 

c X\ n^\T k (B x J\ <n"\T(B x )\. (2.12) 

k =1 

Proof: Let {cr,*. | l<j<nfc,l<fc< m}, (3 k for 1 < k < m and Z be dehned as in the 
proof of Lemma [2.3| and let £j k = ±1 for 1 < j < n k , 1 < k < m. If {fj k | 1 < j < n k , 1 < 
k < m} denotes the canonical basis of Z* and B :£%—>■ Z* is the diagonal operator dehned 
by ( (Tjk), then it follows from |2|, Corollary 1.4(e)] that there is a universal constant d > 0 
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so that 


d 


' mi ft" ' 

I Bz* I 


/ det(.B) \ 


m n k 


= d I '. v 7 I < Ave £ EE ^jk&jkfjk 

\ \ a Z'\ ) k Ij 1 


m n k 


= EE ^kj l l y* = E fik&k 


k=lj=l 


k=1 


= 1 


and hence 


<*" n /?* < ibz-i. 


fc=i 


From Lemma [271] , Lemma |2.3| and (2.14) we now obtain: 

rri 

\T(B X )\ = |B v ||d e t(T)| = \B X \ n<|det(T fc )| 

k=1 

/ m \ / m 

= \Bz-\l n «**I det(r*)||B jt»|) ■ II I B C 


k=1 


> 2-v” n < k \T k (B Xt )\ . n 


fc=i 


fc=i 


fc=i 


> 2- n (Tn- n n< k |Tfc(5 




fc=i 


(2.13) 


(2.14) 


(2.15) 


which is ([2.12|) with c = 


□ 


Theorem 2.5 Let 1 < r ,p < oo. There is a universal constant C so that ifY is a finite 
dimensional quotient of a Banach space Z with gl (r,p) then 

max{vr(y, £ p ),vr(Y*, S r ,)} < vr (Y, Qvr (Y*, S r ,) < CV? gl r jZ). (2.16) 

In particular, ifY is a finite-dimensional quotient of a r-convex (1 < r) and p-concave 
Banach lattice Z then 


vr(Y, £ p )vr(Y*, S r >) < CV? K r (Z)K p (Z). 
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Proof: Let Q : Z —> Y be a quotient map, put n = dim Y and let S E Y*®£ ^ be arbitrary. 
It follows from || Theorem 3.10 i)] that 

n*v n (S)vr(Y*, S r >) < c\fr' n r i(S*) < c\fr' i r '(Q*S*) 

< CyfP gl p iy(Z*)TT p i(SQ) 

< cV? gl rtP (Z)n pl (S). (2.17) 

Since ( |2.17| ) holds for all S it follows from [jSj. Theorem 3.7 (ii)] that there is a universal 
constant C so that 

vr(y, 4)vr (Y*, S r .) < CV? gl r , p (Z) 

and apply now Theorem |1.3| (vii). □ 


Remark: We now note that 

vr(y, £ p )vr(Y*, S r >) ~ inf " 

where the inhmnm is taken over all n-dimensional linear quotients V r of l r and V p of d p so 
that V p C By C V r . Indeed, by definition 

vr(F, £ p ) = inf j " \ V p C R y |, 

vr (Y\ Sy) = inf { ( "| S r .C t r ,, T(B Sr ,) C By. }. 


Now, [ T(Bs r ,)}° = W(Bg r ) = V r for some linear W : £ r 
n-dimensional space A", (\Bx\\Bx*\)” ~ and therefore 


By m 


and 0 for any 


vr^*,^) 


rsj 


\V r \ 

~By 


n 


where By C V r , hence the result follows. 


We are now able to prove: 

Theorem 2.6 Let E be am dimensional Banach space with a normalized 1-unconditional 
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basis, let X k , k = 1 be nk-dimensional Banach spaces and X = ( Yffk=\Xk)E■ Let 

1 < r < p < oo or r = 1 and p = oo. There is a universal constant Co > 0 and a constant 
C(r,p ) so that for n = Yfk=i n k 


1 / m 

—7( n v i i x kj P , 

C0P'\k=l 


n-k 


1/n 


< 


vr(X,£ p ) < c 0 C(r,p) K r (E)K p (E)(l[ vr(X k , 


k=1 


where C(r,p ) = y r' for 1 < r < p < oo and C(l, cxd) = 1 


Proof: Let us first prove the left inequality of ([2.18|) . By Theorem 3.7(h)] in the case 
1 < p < oo there is a universal constant A and operators T k 6 X k (g) £f k with 7r p /(T fc ) = 1 
for 1 < k < m so that 


A l vr(X k ,e p ) < n k \T k (B Xk )\ llnk < Ajp vi(X k ,l r ). 


(2.19) 


Let a k , 1 < k < rri be chosen as in Lemma [2 . 8| and put T = ®™ = , a k T k . Lemma |2.2| and 
now give 


Lemma 2.3 


( r ) ^ c \fp' | zL a k^ P '(T k )e* k = cJp' | a k e* k 


k=1 


k=1 


= C\p 


and hence by (2.19), (2.20) and Lemma 2A there is a c' > 0 so that 


( 2 . 20 ) 


e'(nvr(A%y”‘) 1/ ” < cM[n«‘ln(BxJ|) 


k=1 


k=1 


1/n 


< An\T(B x )\ 1/n < cA 2 p' vr(X,e p ) 


( 2 . 2 !) 


which shows the left inequality in (|2.18|) . 

To prove the right inequality we can by definition find operators W k G B(£ p ,X k ) for 
1 < k < m so that ||W4|| = 1 and 

(ito) 4 - (2 ' 22) 

Put for every 1 < k < m Y k — £ p /lL 7 A r 1 (0), let Q k denote the quotient map of £ p onto Y k , 
define V k G B(Y k ,X k ) so that W k = V k Q k , let Y = {J2™ =1 Y k ) E and put V = ® k=1 V k G 
B(Y,X). 
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If S G B(£ P ,Y) so that ||-SH = 1 and ( |5 (bV )| ) n = vr (^^p) then since ||H|| = 1 we get 
using Lemma B 


vr (X,e. 


< 


pj — 


\ Bx \ = ( vr (y^ p ))n \ Bx \ \ S ( B e P )\ 


\VS(B.)\ 


\By\ \VS{B.)\ 


= (vr(F,^)) n |detI/|- 1 


m \ B 


X k \ 


k=1 \ By k\ 


= (vr(F,4)) n |detI/r 1 I] 


J x, 


n 


\Vk{By h )\ 


k=l \ W k( B <? P )\ k=1 \ By k\ 

m 

= (vr(y,4))”nvr(W,<p)“*. 


(2.23) 


k=1 


If p = oo then is a subspace of an Lj-space hence GL(F fc ) = GL(Y^) = 1. It now follows 
from Corollary |1.7| that Y has GL as well with GL(Y) = 1 and hence by the result of || 
there is a universal constant C so that 


1 < vr(Y^ 00 )vr(Y*^ 00 ) < Cg\(Y) = C. 


(2.24) 


Ifl<r<p<oo then it follows from Theorem |1.6| that E(£ p ) has GL(r, p) with 
GL r , p (E(£ p )) < K r (E)K p (E ) (this can also easily be obtained from the fact that E(£ p ) 
is an r-convex and p-concave Banach lattice) and the operator Q = £B™ = iQk is readily 
seen to be a quotient map of E(£ p ) onto Y. Hence Theorem H3I assures the existence of a 
universal constant C so that 


vr(Y, £ p ) < CV? K r (E)K p (E). 


(2.25) 


Combining ( p.23| ) with ( [2.24j ) and (|2.25|) we obtain the right inequality of (|2.18|) . □ 
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